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Abstract The interplay between the formation of neutron
skin and α cluster at the dilute surface of neutron-rich nuclei
is one of the interesting subjects in the study of neutron-
rich nuclei and nuclear clustering. A theoretical model has
predicted that the growth of neutron skin will prevent the α

clustering at nuclear surface. Quite recently, this theoretical
perspective, the suppression of α clustering by the neutron-
skin formation, was firstly confirmed experimentally in Sn
isotopes as the reduction of the (p, pα) reaction cross sec-
tion. Motivated by the novel discovery, in this work, we have
investigated the relationship between the neutron-skin thick-
ness and α clustering in C isotopes. Based on the analysis
by the antisymmetrized molecular dynamics, we show that
the α spectroscopic factor at nuclear exterior decreases in
neutron-rich C isotopes, and the clustering suppression looks
correlated with the growth of the neutron-skin thickness.

1 Introduction

It has been theoretically expected that the formation of α clus-
ters in dilute nuclear matter is dependent not only on nuclear
density, but also on the symmetry energy [1,2]. Accord-
ingly, in finite nuclei, we also expect that the neutron-skin
affects α clustering at nuclear exterior. A theoretical model
study [3] has predicted the suppression of surface α clus-
tering in neutron-rich nuclei due to the growth of neutron
skin.

Recently, the α knockout (p, pα) reaction has been estab-
lished as a quantitative probe for the α clustering at nuclear
surface [4–7], and using this reaction, the α cluster forma-
tion at the surface of Sn isotope chain has been measured for
the first time [8]. It has been shown that the knockout cross
section monotonically decreases in neutron-rich Sn isotopes
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indicating the negative correlation between the neutron skin
formation and α clustering. Hence, the growth of neutron
skin looks preventing the α clustering at the surface of heavy
nuclei.

Motivated by this fascinating discovery, we investigate the
relationship between the neutron-skin thickness and α clus-
tering in C isotopes. The advantages of studying light car-
bon isotopes is in reducing the theoretical uncertainty about
nuclear clustering. The consistent description of α clusters
and neutron skin within the same theoretical framework is,
in general, still challenging [9,10]. However, there are ample
theoretical and experimental studies for C isotopes and its
core nuclei (Be isotopes) [11–13], and their low-lying spec-
tra have been established well. Furthermore, the decades of
the studies have revealed the α clustering of 12C in detail [14–
17]. Thanks to these prior knowledge, we are able to make a
quantitative anatomy of the relationship between the neutron
skin and α clustering for C isotopes.

This paper is organized as follows. In the next section,
the theoretical framework of the antisymmetrized molecular
dynamics (AMD) [12,13,18] used to calculate the wave func-
tions of Be and C isotopes, and the method to evaluate the
α spectroscopic factors are briefly explained. In the Sect. 3,
we present the numerical results and discuss the relationship
between the neutron-skin thickness and α clustering. It has
been found that the α clustering of C isotopes likely show the
negative correlation with the neutron-skin thickness similarly
to Sn isotopes. The final section summarizes this work.

2 Theoretical framework

2.1 Hamiltonian and model wave function

The microscopic A-body Hamiltonian is used in this study.
It reads,
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H =
A∑

i

ti − tcm + 1

2

A∑

i j

vNN(i j) + 1

2

Z∑

i j∈proton

vC(i j), (1)

where the Gogny D1S parameter set [19] is employed as
nuclear density functional vNN(i j), and the Coulomb inter-
action vC(i j) is approximated by a sum of seven Gaussians as
explained in the appendix. The center-of-mass kinetic energy
tcm is subtracted from the total energy without any approxi-
mation.

The model wave function is a parity-projected Slater deter-
minant,

Φπ = PπA{ϕ1ϕ2 . . . ϕA}, (2)

where Pπ denotes parity projector, and ϕi is the nucleon
wave packet expressed by deformed Gaussian [20],

ϕi (r) = exp

{
−

∑

σ=x,y,z

νσ (rσ − Ziσ )2

}
χiτi , (3)

χi = aiχ↑ + biχ↓, τi = {proton or neutron}. (4)

The parameters of the model wave function are the Gaussian
widths (νx , νy, νz), centroids Zi , and the spin direction ai
and bi . They are determined by the frictional cooling method
which minimizes the sum of the Hamiltonian and constraint
potential,

E(β) = 〈Φπ |H |Φπ 〉
〈Φπ |Φπ 〉 + vβ(〈β〉 − β)2, (5)

where the constraint potential strength vβ is chosen suffi-
ciently large value so that the deformation of the model wave
function 〈β〉 [21] is equal to the input value β by the mini-
mization of E(β). And we obtain the optimized wave func-
tion Φπ(β) which has the minimum energy for each given
value of β.

After the energy variation, the optimized wave functions
are projected to the eigenstate of the angular momentum,

Φ Jπ
MK (β) = 2J + 1

8π2

∫
dΩDJ∗

MK (Ω)R(Ω)Φπ(β), (6)

where DJ
MK (Ω) and R(Ω) denote the Wigner’s D-function

and the rotation operator. Then, the projected wave functions
which have different value of the deformation parameter β

are superposed as,

Ψ Jπ
α =

∑

i K

giKαΦ Jπ
MK (βi ). (7)

Namely, Eq. (7) is the wave function of the generator coor-
dinate method (GCM) [22] which employs the deformation
parameter β as the generator coordinate. The coefficients

giKα and eigenenergy Eα are obtained by solving the Hill-
Wheeler equation [22],

∑

j K ′
(HiK jK ′ − EαNiK jK ′)g jK ′α = 0 (8)

HiK jK ′ = 〈Φ Jπ
MK (βi )|H |Φ Jπ

MK ′(β j )〉, (9)

NiK jK ′ = 〈Φ Jπ
MK (βi )|Φ Jπ

MK ′(β j )〉. (10)

From the GCM wave functions, we calculate the properties of
C isotopes such as the excitation spectra, proton and neutron
distribution radii and electric transition probabilities.

2.2 α reduced width amplitude

To evaluate the degree of α clustering in C isotopes, we calcu-
late α reduced width amplitude (RWA) from the GCM wave
functions. It is the probability amplitude to find α cluster at
distance a from the daughter nucleus, and is defined as

ay
(a) =
√(A

4

)〈δ(r − a)Φα[ΦBe(
+)Y
(r̂)]0|ΦC〉, (11)

where Φα , ΦBe(
+) and ΦC are the fully-antisymmetrized
wave functions of α cluster, the ground and excited states of
Be isotopes with spin-parity 
+ and the ground state of C iso-
topes, respectively. The wave functions of Be and C isotopes
are calculated by the AMD+GCM framework explained in
the previous section, while that of α cluster is a product
of Gaussians whose size parameter is chosen to reproduce
the observed value of the 4He radius. Note that the angular
momentum 
 of the orbital motion between α and Be isotope,
and the spin of Be isotopes which is also 
 are coupled to the
total angular momentum zero. In other words, we calculate
α RWA in the 
+ × 
 = 0+ × 0, 2+ × 2 and 4+ × 4 channels
(
 ≤ 4), where the first number represents the spin of Be
isotope and the second number represents the orbital angu-
lar momentum between α and Be isotope. In the practical
numerical calculation, Eq. (11) has been evaluated by using
the Laplace expansion method [23]. We also comment about
the size of α cluster. In general, the size of α cluster at the
nuclear surface might be different from that in free space.
However, we have confirmed that the size change of α clus-
ter is negligibly small at the surface of several light nuclei
and does not affect the magnitude of the α spectroscopic fac-
tors [23]. Therefore, in the present study, we have assumed
that the α cluster size at the nuclear surface is the same with
that in free space, although the systematic study of the size
change effect in various isotopes is an interesting issue.

The degree of the α clustering may be evaluated by the
so-called α spectroscopic factor which is the squared integral
of the α RWA,
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Fig. 1 The calculated
low-lying spectra of Be isotopes
compared with the experimental
data [28–30]. Only the
positive-parity states are shown
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) =
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0
r2dr y2


 (r). (12)

It is noted that Sα is not normalized unity because of the anti-
symmetrized effects between the α cluster and Be isotopes.
As already discussed in the preceding studies [6,7], the α

knockout reaction is sensitive only to the α particle formed
at the nuclear surface. Therefore, we expect that the inte-
gral of α RWA in nuclear exterior is a good measure for the
knockout cross section. So, we introduce the α spectroscopic
factor integrated only in the exterior region,

S>
α (
+ × 
) =

∫ ∞
√〈r2

m 〉
r2dr y2


 (r), (13)

where
√〈r2

m〉 denotes the root-mean-square radii of matter
distribution of C isotopes.

3 Results and discussions

3.1 Structure of Be and C isotopes

The structure of neutron-rich Be and C isotopes has already
been studied in detail within the AMD model and is summa-
rized in the review papers [11,13]. Therefore, we do not go
into detail here, but only explain the important points neces-
sary for the discussion of α clustering.

Firstly, we note that this is the first systematic calculation
of both Be and C isotopes using the Gogny D1S density
functional, and it plausibly and consistently describes the
low-lying spectra as shown in Figs. 1 and 2. This encouraging
result ensures the reliability of the analysis of the α cluster
formation presented in the next section.

As is well known, all calculated Be isotopes have
dumbbell-shaped structure due to the pronounced 2α clus-
tering [33,34]. This brings about the strong deformation and
B(E2 ↑) of the ground states (Table 1). If we investigate
the property of individual isotope a little closer, we notice
that 12Be and 14Be are more deformed than 10Be. This is
due to the difference of the valence neutron orbits in these

0+ 0+ 0+ 0+ 0+

0+

0+ 0+ 0+

0+

0+

0+

0+

0+

2+ 2+

2+

2+

2+
2+

2+

2+ 2+

2+

2+

2+

2+ 2+

4+

4+

4+ 4+
4+ 4+

2+2+

AMD

12C 14C

16C 18C

exp. AMD exp. AMD exp. AMD exp.
0

2

4

6

8

ex
ci

ta
tio

n 
en

er
gy

 [M
eV

]

Fig. 2 Same with Fig. 1 but for C isotopes. Experimental data are taken
from Refs. [29–32]
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Fig. 3 The calculated point proton and neutron density distributions
of the ground states of C isotopes. The densities are normalized to the
particle numbers

isotopes. Namely, two valence neutrons of 12Be and 14Be
occupy the sd-shell [11]. On the other hand, all valence neu-
trons of 10Be occupy the 0p orbits which tend to reduce the
inter-cluster distance. Note that our calculation reproduces
the well-known breaking of N = 8 magic number [35] in
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Table 1 The deformation parameter β; the E2 transition probability;
the proton, neutron and matter distribution radii; and the α spectroscopic
factors for 
 = 0 channel of the calculated ground states of Be and C

isotopes. The B(E2) values are given in the unit of e2fm4, while the
proton, neutron, matter radii and neutron-skin thickness �r are given
in the unit of fm

β B(E2 ↑) B(E2 ↑)obs

√
〈r2

p〉
√〈r2

n 〉 √〈r2
m〉 �r Sα(0+

1 × 0) S>
α (0+

1 × 0)

10Be 0.56 56.0 46.7 2.43 2.50 2.47 0.07
12Be 0.60 60.3 40.0 2.63 2.91 2.82 0.28
14Be 0.59 64.0 2.64 3.03 2.92 0.40
12C 0.50 56.0 39.7 2.52 2.52 2.52 0.00 0.30 0.24
14C 0.34 14.2 18.7 2.54 2.59 2.57 0.05 0.10 0.08
16C 0.39 18.0 3.3 [24], 13.5 [25] 2.60 2.83 2.74 0.23 0.05 0.04

23.0 [26]
18C 0.45 23.0 21.5 [25], 18.2 [27] 2.65 2.98 2.87 0.33 0.04 0.04

12Be as two neutrons are promoted into sd-shell from p-
shell across N = 8 shell gap. We also note that difference
in the valence neutron configuration is clearly reflected to
the neutron distribution radii

√〈r2
n 〉. As a result, the neutron-

skin thickness �r = √〈r2
n 〉 −

√
〈r2

p〉 continuously increases

toward the neutron-drip-line nucleus 14Be.
We also comment on the non-yrast states of 10Be and

12Be. 10Be has the 2+
2 state approximately at 6 MeV which

is reproduced by our calculation. This state has the same
single-particle configuration with the ground state but origi-
nates in the triaxial deformation of its intrinsic structure [36].
On the other hand, the 0+

2 and 2+
3 states of 10Be have the inter-

nal structure different from the ground state. Namely, these
are the neutron 2h̄ω excited states in which two neutrons are
promoted into sd-shell across N = 8 shell gap. The opposite
occurs in 12Be whose ground state is dominated by the 2h̄ω

configuration as already mentioned, but its non-yrast states
(the 0+

2 and 2+
2 states) are dominated by the 0h̄ω state with

the N = 8 closed shell configuration. Thus, the present cal-
culation reasonably reproduces the known characteristics of
the low-lying states of Be isotopes.

Next, we discuss the spectra of C isotopes shown in Fig. 2.
Because of the Z = N = 6 sub-shell closure and N = 8
shell closure, 12C and 14C are rather stiff and have large exci-
tation energies of the 0+ and 2+ states. On the contrary, 16C
and 18C are rather soft and have many low-lying states, as
they are weakly bound and have extra neutrons in an open
shell (sd-shell). It is notable that the present calculation rea-
sonably described the excitation spectra of both stiff and soft
nuclei. Another interesting point to be noted is that all C
isotopes except for 12C have small B(E2 ↑) values despite
their non-small quadrupole deformation [13,37,38] as listed
in Table 1. This result is consistent with the trend of the
observed E2 transitions [24–27] and indicates that the 2+

1
states of C isotopes are dominated by neutron excitation not
by proton excitation [39].

The neutron single-particle configuration also affects the
neutron-skin thickness (Table 1 and Fig. 3). The neutron skin
of 14C is negligibly thin as two excess neutrons occupy the
same major shell (p-shell) with protons. In 16C and 18C,
the excess neutrons start to occupy sd-shell, which pushes
the neutron density distributions outwards as seen in Fig. 3.
Because of the deformation, the valence neutron wave func-
tion is not a pure d5/2 but an admixture of the d- and s-wave
components. This can be confirmed as the increase of the cen-
tral density of 16C and 18C compared to 14C. More quantita-
tively, by the multipole decomposition of the single-particle
orbits [40], we estimate that the neutron (1s)2 configuration
amounts to 23% of the 16C ground state, whereas the neu-
tron (0d5/2)

2 and (0d3/2)
2 configurations are 43% and 21%,

respectively. These are not far from an estimate by a large
scale shell model calculation [41]; 22.4% from the (1s)2 con-
figuration and 22.6% from the (0d5/2)

2 configuration. For
18C, we also obtained similar magnitude of the occupation
probabilities; 24% from the (1s)2(0d5/2)

2 and 41% from the
(0d5/2)

4 configuration. These (1s)2 configurations also help
to increase the neutron distribution radii. Consequently, 16C
and 18C have much thicker neutron skin than 14C. The ques-
tion we will examine below is how this neutron skin affects
the α clustering at nuclear surface.

3.2 α formation probability and neutron-skin thickness

Using the GCM wave functions explained above, we have
evaluated the RWAs for the ground states of C isotopes, which
are shown in Fig. 4.

As expected, the RWAs of the self-conjugate nucleus 12C
(Fig. 4, panel (a)) have the largest amplitude in all of the

 = 0, 2 and 4 channels. The amplitudes of 
 = 0 and 2 are
peaked at nuclear exterior (r ≥ 2.5 fm), but oscillates and is
suppressed in the interior due to the Pauli exclusion. The 
 =
4 amplitude peaks slightly inward because it has centrifugal
barrier and no Pauli forbidden state. 14C also has pronounced
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Fig. 4 The calculated α RWA of carbon isotopes in the 
+
n × 
 channels, where 
+

n denotes the spin-parity of ABe while 
 denotes orbital angular
momentum between α and ABe. The d and f show the RWAs of 14C and 16C in the α+ ABe∗ channels where Be isotopes are excited to the non-yrast
states
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Fig. 5 a The calculated α spectroscopic factors as function of the
neutron-skin thickness. b Same with the panel (a), but the RWAs are
integrated in the nuclear exterior (r ≥ √〈r2

m〉)

RWAs (panel (c)) in the exterior region but they are slightly
suppressed compared to 12C. It is noted that 10Be(2+

2 ) state
have almost the same intrinsic structure of 10Be(0+

1 ), and as a
result, the RWA in the 10Be(2+

2 ) channel is also large. On the
other hand, the RWAs in other non-yrast state channels, i.e.

10Be(0+
2 , 2+

3 , 4+
2 ), are suppressed. This is due to the excited

valence neutron configuration of 10Be.
The RWAs of 16C and 18C show quite different behav-

ior. They are strongly suppressed in both of the yrast (panels
(b) and (e)) and the non-yrast (panel (f)) channels. Espe-
cially, the amplitudes are suppressed in the surface region
where neutron skin exists. To quantitatively evaluate this sup-
pression, Fig. 5 shows the α spectroscopic factors integrated
over whole space (panel (a)) and those integrated in nuclear
exterior (panel (b)) as function of neutron-skin thickness. It
looks that the reduction of the α clustering correlates with
the neutron-skin thickness, and this trend is consistent with
the reduction of the (p, pα) knockout reaction cross section
observed in Sn isotopes [8].

Here, we also make a couple of comments on the charac-
teristics of the RWAs. First, most of the 
 = 0 and 2 RWAs
are peaked at a = 3.0 to 3.5 fm at which nuclear density falls
off less than 0.03 fm−3. Interestingly, this density coincide
with the value in Ref. [42], at which α cluster dissolves in
the nuclear matter. At the moment, we cannot prove the rea-
son behind this interesting coincidence, but we believe that
more systematic analysis in heavier-mass system will give us
deeper insight. Second, the 
 = 4 RWAs other than that of
18C are peaked inside of nucleus. This is due to the lack of
Pauli exclusion in 
 = 4 channel. By counting the principal
quantum number of harmonic oscillator, we can find that the
relationship 2n + 
 ≥ 4 must be satisfied in 12−16C, where
n and 
 denote the nodal quantum number and orbital angu-
lar momentum of RWA, respectively. Therefore, any non-
negative value of the nodal quantum number is allowed for

 = 4, i.e. there are no Pauli exclusion. On the other hand,
the relationship is different in 18C. It is 2n + 
 ≥ 6, hence
n = 0 is forbidden for 
 = 4. Consequently, the RWA of 18C
is pushed outwards. Finally, in the panel (d), the RWA in the
2+

3 ×2 channel is notably larger than those in the 
 = 0 and 4
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channels. This may be due to the configuration mixing in the
10Be(2+

2 ) and 10Be(2+
3 ). Because the energies of these states

are closer than the 0+
1 -0+

2 and 4+
1 -4+

2 pairs, stronger con-
figuration mixing is induced. Therefore, 10Be(2+

3 ) has non-
negligible 10Be(π2) configuration in addition to the domi-
nant 10Be(σ 2) configuration. Consequently, the RWA in the
2+

3 × 2 channel becomes large comparable with that in the
2+

2 × 2 channel.
Thus, the α clustering suppression by the growth of the

neutron-skin likely also exists in light mass isotope chain.
However, we also mention an alternative interpretation of
Figs. 4 and 5. As we have already discussed, the neutron-
skin thickness and the structure of the core nucleus (Be iso-
topes) are strongly dependent on the neutron single-particle
configuration. Therefore, the neutron shell effect can be the
real cause of the α clustering suppression observed in these
figures. We should also consider the relationship between the
α clustering and α threshold energy [43]. To identify the real
cause of the α clustering suppression, the systematic study
of other isotopes chains such as O, Ne and Mg isotopes is
important, and the research is now undergoing.

4 Summary

In this study, we have investigated the relationship between
the neutron-skin thickness and α clustering of C isotopes to
elucidate the possible clustering suppression by neutron skin.
The AMD framework has successfully described the low-
lying spectra of both isotope chains simultaneously. Using
the obtained wave functions, we have evaluated the neutron-
skin thickness and α clustering. It has been shown that 16C
and 18C have thick neutron skin, while 12C and 14C do
not. The calculated α spectroscopic factors show the neg-
ative correlation with the neutron-skin thickness. Namely,
α clustering is considerably suppressed in 16C and 18C.
Thus, the growth of the neutron skin seems to suppress the
α clustering of C isotopes similarly to those observed in
Sn isotopes. However, we also point out that neutron shell
effect may also play the crucial role and can be the real
cause of the α clustering suppression. This will be clari-
fied by investigating the trends in the neighboring isotopes
chains.
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Table 2 The dimensionless
parameters for an approximate
expression of the Coulomb
interaction

n cn γn

1 0.437686 8.888000

2 −0.421877 6.244998

3 0.363035 4.358899

4 0.082946 3.000000

5 0.179389 2.000000

6 0.717984 1.224745

7 2.108150 0.500000

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: Readers who
need the data for Figs. 1–5 should contact the corresponding author, via
e-mail.]

Appendix A: Coulomb interaction

To reduce the computational cost, the Coulomb interaction
is approximated by a sum of seven Gaussians as

1

r



7∑

n=1

cn
√

ν̄ exp(− ν̄r2

γ 2
n

), ν̄ = (νxνyνz)
1/3, (A.1)

where the dimensionless parameters cn and γn are listed in
Table 2. The parameters are determined to yield approximate
values of the Coulomb interaction when the matrix elements
of Eq. (A.1) are calculated from the nucleon Gaussian wave
packets.
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